Binomial
Expansions

A binomial is an expression of two terms, such as (x + ), (a - b), etc. If the binomial
(a+ b) is squared, the result is the expansion of (a + b)’. Write down this expansion.
Now examine the pattern obtained if we expand (a + b)", (a + b)', etc.
(a+b) =(a+bia+b)
=(a*+2ab + b)a + b)

"To find this, multiply each term of (a? + 2ab + b?) by a, then by b and add the results.
Multiplying by a: @ + 2a% + ab?
Multiplying by b: @b + 2ab* + B
Adding: @ + 3 + 3ab* + b
Note that the powers of @ and b add up to 3 and that the coefficients are 1 3 3 1.
Now find (a + b)* = (a + b)*(a + b) in the same way.
You should obtain a* + 4a’h + 6a’h? + 4ab* + b*.
The powers add up to 4 and the coefficients are 1 4 6 4 1.
Once more, find the expansion of (a + b)*. Can you see the pattern?

121 coefficients of (a + b)?
1331 coefficients of (a + b)’
14641 coefficients of (a + b)*

1510105 1 coefficients of (a + b)*

Each line starts and ends with 1. Go along the (a + b)* line and add the coefficients in
pairs. You will find that the sum of each pair gives the coefficient in the next line. Repeat
for the other lines. Hence find the coefficients for (a + 5)° and (a + bY'.

Note that the coefficients are symmetrical and that the second coefficient is equal to
the power of the expansion. For (a + )" there are (1 + 1) terms, where 7 is an integer.
Make & copy of the triangle up to a power of 8 o keep for reference.

‘This patiem is called Pascal’s Triangle after the French mathematician Pascal (1623
~1662) but it was known in China long before his time. By working through the triangle
we can find the coefficients for any power 1 of (a + b).

Later in this chapter, we will introduce the Binomial Theorem which gives a formula
for the coefficients, but for most of our work the triangle will be sufficient.
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Example 1

Expand (a +b).

From the triangle the coefficients are 1 8 28 56 70 56 28 8 1.

Then (a+b)* = 1d* + 8a'b + 28a%* + 56a’h’ + T0a*b + 56°6° + 28a’b* + 8ab” + 16*

Note that the powers of a decrease from 8 to 0 while the powers of b increase from 0
10 8. The sum of these powers is always 8.

(a +b) is the model binomial but we can replace a or b by other expressions.

Example 2

Expand (2x - 1.

‘The initial coefficients are 1 4 6 4 1. Herea=2x,b=
Then (2x - 1)' l(Zx)‘ + 4(Zx)’( 1) + 6(21)’(—1)' +4@O1 + 11

The coefficients are now quite different. The powers of x are in descending order.

Example 3

Find in ascending powers of x the expansion of (2 - 5 ).

‘The initial coefficients are 1 6 15 20 15 6 1. The expansion is

2462~ 3) + 1529 (- 57 +209(- 3 + 15@(- ) + 62(- 3 + (- 3

= 64— 62 + 15(2¢* - 200" + 15(5) - 6] %
=64 96x +60x - 200 + 3£ _ 2 4 2
Exercise 5.1 (Answers on page 618.)
1 Find, in descending powers of x, the expansions of:
@ -2 (b) (2x-3y (© (2x+1)°
) d
@ (x-1y © (x+ 1) ® (§-2)
2 Expand, in ascending powers of x: ™
@ (1-29° () @-3 © (2-3) @ (-2
3 Find, in ascending powers of x,the first four ferms n the expansion of;
@ -0 () (-2 © (1-3) @ (4-3



4 Find the expansions of (2) Gx-20)" (®) (x~ 1)’

5 Expand (a + b.Ifa= i andb=1, ﬁml the value (as a fraction) of the fourth term
of the expansion.

6 Write down the first four terms of the expansion of (1 —x)" i ascending powers of x.
Using these terms, find an approximate value of (0.99)".
7 (a) Write down the expansions of (1 + x)* and (1 — x)*.
(b) Hence simplify (1 +x* + (1 - x)". Use your result to find the exact value of
(W +V2) + (1= V2p.
8 By using the expansions of (2 + x)* and (2 — x)*, find the exact value of
@+V3)r+2-V3)
9 (a) Write down the expansions of (1 + x)* and (1 - )",
(b) Hence simplify the expression (1 +.)* ~ (1 - x)%. Use your result to find the value
of 1014~ 0.99*
s

10 (@) Obuin the expansions of (x + 1) and (x - 1
(b) Hence simplify (x + 1')’ ~(e- Iy
(¢) Choosing a suitable value of x, find the value of 2.5° - 1.5%.

A

Example 4

(a) Expand (I +y)" in ascending powers of y.
(b) Hence find the expansion of (1 +x ~ ) as far as the term in x'.
@ (+yF=1+4y+67+4y +y
(b) Now substitute (x - x*) for y.
(4 x =) = 1 +4(x - ) +6(x - ¥P +4(x - ) + (x - )
=14 dx -+ 602 - 20.) + 40 + .
(where we do not keep
any terms higher than )
=144x -4 + 62 - 120 + 4x* (up to the term in 1)
=1+4x+2¢ -8 (up to the term in x)

Example 5
(a) Find, in ascending powers of x, the expansions of (1  2x)' and (2 +x)'.
(b) Hence find the first four terms of the expansion of (1 - 2x)'(2 +x)'.
@ (1-20%= 1 +3(-20) + 3(-20° + (-2
= 1-6x+ 12¢ -80
@+ =2+ 42)0) + 62N + 42 + 5
=16+ 320+ 240 + 8¢ + '
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(b) (1-20%Q2 +x)* = (1 — 6x + 12 = B)(16 + 32x + 24x” + 8 + x)
‘The first four terms will o up to the power of x*. So we multiply the terms in the
first bracket by 16, 32x, 24x* and 8x’ and leave out any terms higher than x°,

Multiplying by 16 16 - 96x + 192 - 1282

Multiplying by 32x 32x- 1922 + 3842

Multiplying by 242 242 - 1445

Multiplying by 8x* 8¢

Adding 16— 64x + 2423 + 1208
Example 6

(a) Find the terms in x* and x* in the expansion of (3 - f in ascending powers of x.
(b) Hence find the coefficient of x' in the expansion of (1 - 5)(3 - 3).
@ (3-§)=3+6(3)- )+ 1539 57 +203) 37 + 1539 3.
So the ° term is ~20+" and the " term s + 5~
—_—

(®) Then (1- $)3 - 5= (1 - $).= 20+ )
i

‘The term in * is found by multiplying the relevant terms as shown, and is
10¢* + 2 giving a coefficient of 4.

Example 7

Write down and simplify the first three terms in the expansions (in ascending powers
of x) of (a) (1 - 37’)’ and (b) (2 + x).

Hence find the coefficient of x° in the expansion of (2 - 2x — % ).

@ (- 2P =1452) + 102 . =1 - 1504 492

(B) (24 2)° =25+ 529(0) + 10Q)(F) .. = 32 + 80x + 80«

We notice that (2 - 2x is the product of (a) and (b)

T
= 3
=[0- HHe+op

—
= (1= 154 452132 + 80x + 80F.

[ —
=

The term in  will be the sum of the products linked together, so the coefficient of x*
is 80— (17 x 80) + (4 x32) =200
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Example 8

Find, in ascending powers of , the first three terms in the expansions of

(@) (1+2xF and (b) (I +px)'.

(c) If the coefficient of ¥* i the expansion of (1 +2x}(1 +px)* is ~26, find the value
of p.

(a) The first three terms of (1 + 20 are 1+ 5(2x) + 10207 = 1 + 10x + 40¢%
(b) The first three terms of (1 + px)* are 1+ 4(px) + 6(px)? = 1 + 4px + 6%
e

5 - 2
(© (1+20%(1 +px)* = (1 + 10x + 402)(1 + 4px + 6px)

We only require the term in x* so we pick out the terms (linked together above)
whose products produce <%

1 x 6p2t = bpix?
10x X 4px = 40px*
406 x 1 =408

giving (60 + 40p + 40)2°.

Hence 6p? + 40p + 40 = -26

e3P+ 20p +33=0 o Gp + 1P +3) =0
3

Example 9

(a) Find the first three terms in the expansion of (1 - 3xP in ascending powers of x.

(b) If the first three terms in the expansion of (p +qx)(1 - 3x) are 3 +rx +300, state
the value of p and find the values of q and r.

(2) The first three terms of (1 - 31)° are' 1 + 5(-3x) + 10(-3x” = 1 - 15x + 90

(b) The first three terms of (p + gx)(1 — 3° will come from (p + gx)(1 — 15x +90x?).
‘The first term is p so p = 3.

The term in x is gx - 15px s0 g~ 15p =1 @
The term in  is 90px* — 154 s0 90p — 15 = 300 i)
From (ii), 270 - 15¢ = 300 s0 ¢ = -2.

From (i), r = -2 - 45 = -47.
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Example 10

(a) Expand (1 -3 ) in ascending powers of x.
(b) If this expansion is used to find the exact value of (0.995', what value should be
taken for x?
(c) Using this value, find (0.995)".
(a) The coefficients in the expansion of (a + b)*are 1 4 6 4 1 and, in this case,
a=1b=-}
All the powers ofa=1.
Then (1 - 3)' =1 +4(-3) +6(- 5P +4(- 5 + (=5
R
(b) If 1 =5 =0.995, then 3 =0.005 and x = 0.01.
(c) Substitute x = 0.01 in the expansion.

(0.995) =1-2(001) + 2000 _ Q90" , OO
Writing the positive and n:ga!lve terms separately:
positive negative
~2(0.01)=-0.02
001" — 0,000 15 7%2"' 0000000 5
Mii = 0.000 000 000 625
1.000 150 000 625 ~00200005

which gives a sum of

1.000 150 000 625
-0.020 000 5

0.980 149 500 625

This is the exact value of (0.995)%
Compare this value with that obtained by using a calculator.

Exercise 5.2 (Answers on page 619.)

1 Write down the expansion of (1 - x)*. Use your result to find the expansion of
vl : A ;
(1-x+ %)*in ascending powers of x as far as the term in .

2 Use the expansion of (1 + x)" to find the first three terms in the expansion of
(1+ £ - in ascending powers of x.

3 Find the first three terms ir the expansions in ascending powers of x of (2) (2 ~)* and
(6) (3 - £)* Hence find the coefficients of x and *in the expansion of (6 -~ 4x-+ )"

4 () Write down the expansion of (1 +x)° in ascending powers of x as far as the term
inx.

(b) Hence find the first four terms in the expansion of (1 +x — )%
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5 Expand in ascending powers of x, (a) (1 + 2¢)* and (b) (1 - )"
Hence find the first three terms in the expansion of (1 + 2x)%(1 - x)’.
6 Write down the expansions of (1 + 2x)’ and (2 - §)* in ascending powers of x. Hence
find the coefficient of the term in +* in the expansion of (1 + 2x)%2 - 3)*.
7 Find the coefficient of x* in the expansion of (1 - 20%(1 + 3)%.
8 Expand each of the binomials (1 + x)* and (2 - x)* as far as the term in x”. Hence find
the coefficient of x* in the expansion of (2 +.x - x2)%.
9 Inthe expansion of (a-+ bx)* in ascending powers of x, the irst two terms are 16— 96x.
Find the values of a and b.
10 The coefficient of the third term in the expansion of (ax - 1) in descending powers
of x is 80. Find the value of a.
11 (2) Expand (1 +av* and (b + x)* in ascending powers of x.
(b) If the first two terms in the expansion of (1 + ax)’(b + x)* are 16 - 64x, state the
value of b, where b >0, and find the value of a.
12 In the expansion of (p + )" in ascending powers of x,the first two terms are 16 -8
Find the values of p (> 0) and g. Hence find the third term in the expansion.
13 (2) Expand (1 +px)* and (1 + gx)" as far as the terms in x*.
(b) Given that the coefficient of x* in the expansion of (1 + px)*(1 + gx)’is 6 and that
p+4q=1,find the values of p and q.
14 (a) State the expansions of (i) (1 +ax)* and (ii) (1 + bx)* in ascending powers of x.
(b) If the second and third terms in the expansion of (1 +ax)'(1 + bx)* are Sx and 3x*
respectively, find the values of @ and b.
15 (a) Find the coefficients of x* and x* in the expansion of (2x - 5.
(b) Hence find the coefficient of x* in the expansion of (§ — 2)(2x -

16 Find the coefficients of x* and x* in the expansion of (3 - x)°.
Hence find the coefficient of x* in the expansion of (1 + 3x)(2 - x)¢.

17 Write down
() the first four terms in the expansion of (1 ~ 2x)*, and
(b) the first three terms in the expansion of (1 - x)%.
If the sum of the terms in (a) equals the sum of the terms in (b) where x # 0, find the
value of x.

18 State the first three terms in the expansion of (1 + x)* and hence find the first three
terms in the expansion of (1 + ax + bx*)*. If these are | + 8x + 12, find the values
of aand b.

19 If the expansion of (1 - x - x%)'° is used to find the value of (0.89), what value of x
shouid be substituted?

20 Write down the first three terms in the expansion of (I - x)* in ascending powers of
x. Use this expansion to find the value of (0.999)" correct to 5 significant figures.
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THE BINOMIAL THEOREM

‘The expansion of (a + b)" is given in full by a formula known as the Binomial Theorem.
The formula is as follows:

@rby=a+(1)a b+ (4)a b+t (D)ab +..+ b

where (1) = A= Dn=2.n=r+ ) 4og
2 5
rlis factorial rand rl = 1 X 2X 3 X 4 X . X.
For example, 2! = 1x2,3/ =1x2x3,5!= 1 x2x3 x4 x5 etc.
Hence (1) = 2,(4) = =D, (1) = H0=11-2) g0 5o 0n.
There are (n + 1) terms in mc expansion of (a + b)". The coefficients of the expansion are
n n
LR C VA € VR ¢ B

term Ist 2nd 3rd (r+ Dth (n+ th

The first and last ients are always | when n i itive i (which it always
will be in our work). Note that the coefficient for the (r + 1)th term is (7).

Some calculators give the numerical value of (") (shown as "C,) but the formula needs to
be known for algebraic terms.

Example 11
Show that (19) = (19).

(19)=10x9x8 _ 19

(19) = M0x9x8xTx6x3X4 — 120 afier cancelling 4 X 5% 6 X 7.

Tx2x3x4x5x6x7
We could have expected this as the coefficients of (a + )" are symmetrical.
This is an example of a general rule: ()= (," )

Hence to find, say (1) it is easier and quicker to find (1?).

Example 12

Using the theorem, find the mzﬁ'nenu in the expansion of (a +b)'.

The coefficients are 1,(7),(3). (] )(7) (D.(2)and 1.

(== ()= Jets3 =
H=G ®=()=7

So the coefficients are 1, 7, 21, 35,35, 21,7 and 1 as we have found from Pascal’s
wriangle.




Pascal’s Triangle is the easier and quicker way of finding coefficients provided n is not
t0o large. If n s large or is not known, then the Binomial Theorem must be used. The
theorem is essential in more advanced work when n may not be a positive integer.

Example 13
Find the first four terms in the expansion of (x - 2)"*.
Herea=x b=-2andn=12.
The first four terms are
22+ ()02 + (R)eo2y + 2y
=it 22 i) 4 L2XUL gy 4 J2XUXI0 g
=21 - 242" 4 264110 - 17602°

Example 14

Find the Sth and 6th terms in the expansion of (2x - § ).
Herea=2x b=—} andn=10.

‘The Sth term is given by r = 4 and the 6th term by r = 5.

“The 5th term = (10)(20"4 3¢ = {R22XEXT @urdy = s40x

Verify that the 6th term = {22 XEXTXE 00 (3" = -252¢%.

Example 15

Write down (without simplifying) the first three terms in the expansion of (x + by
where n s a positive integer. If the coefficients of the second and third terms are -8
and 30 respectively, find the values of n and b.

ek by =t (7wt + (3 w2

Hence the coefficients of the second and third terms are nb and 55 b* respectively.
Then nb=-8 W
and #2022 30 ke nn - 16 = 60 (i)

We solve these equations for n and b.

In (i), substitute b = 32,
nn-1)% =60 or @

Then 64r 64 = 60n from which we find n = 16.

From (i), b= 1o =-3.
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Example 16

Find the term independent of x in the expansion of (2x — 4 b,

From the theorem, the (~ + 1)th term is

(10 Ly = (10)20xe iy y.

If this term s to be independent of x, then the x's must cancel i.¢. the powers of x in
the numerator and denominator must be equal.

Then 10~r=rorr=>5.

So the 6th term is independent of x.

This term is therefore (10)24-1)* = 0XIXBXT X6 (37) = _go64.

Exercise 5.3 (Answers on page 619.)
1 Find the value of () 31, () 41, (©) 3t (@) 3125
2 Find the value of @) (§), ®(3). @ (12), @(13).
3 What is the value of xif (1) = (', )?
4 Write down and simplify the first three terms of (a) (1 + ), (6) (x~ 4)% (©) (x— 1.

5 For the following expansions, find
(a) the coefficient of the ninth term in (2x - 1)'%
(b) the coefficient of the fourth term in (1 - 3x)';
() the coefficient of the fifth term in (x - 1)°.

6 The coefficient of the second term in the expansion of (1 +2v)" in ascending powers
of x is 40. Find the value of n.

7 1f the first three terms in the expansion of (1 + ax)” in ascending powers of x are
1+ 6x + 162 find the values of 1 and a.

8 In the expansion of (1 + px)"in ascending powers of x, the second term is 18x and the
third term is 135x%. Find the values of # and p.

9 Find the term independent of x in the expansion of (x - 5"

10 I the ratio of the Sth to the 6th term in the expansion of (a + )" is 5x: 1, find the
value of a.
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SUMMARY

© The coefficients in the expansion of (a + b)", where 1 is a positive integer can
be found from Pascal’s Triangle:
%3 1 (@+b)?
15 1 @+b)’
14641 @+b)
1510105 1 (@+by
ete.
.

The powers of a decrease from 1 10 0, the powers of b increase from 0 to . The
sum of these powers is always 7.

Alternatively, the expansion of (a + b)" can be found using the Binomial
Theorem, where n is a positive integer:

+ot (W)a b+t b
where ()= f‘i"'luﬁ',"“'—""l,andrhlex}x...xr

@+by=a+(")ab+ (1) Jarh

REVISION EXERCISE 5 (Answers on page 619.)
A

1 Find, in ascending powers of x, the first four terms in the expansion of (i) (1 - 3x)%,
(i) (1 + 5x)". Hence find the coefficient of x* in the expansion of (1 - 3x)*(1 + Sx)’.

2 Obain the first three terms in the expansion o (@ + ) i ascending powers of . If

the first and third terms are 64 and — respectively, find the values of a and b and
the second term.

3 Find the first three terms in the expansion of (1 - 2x)* in ascending powers of x,
simplifying the coefficients.
Given that the first three terms in the expansion of (a + bx)(1 ~ 20)° are
2+ cx + 1022, state the value of  and hence find the value of b and of c. ©
4 (a) Expand (1 + 2% and (1 - 2x)’ in ascending powers of x.
(b) Hence reduce (1+2x)* — (1 - 20° to its simplest form.
(c) Using this result, evaluate (1.002)° — (0.998)".

d, in ascending powers of £, the first three terms in the expansions of (i) (1 + 0,

(ii) (1 - Br)". Hence find, in terms of o and B, the coefficient of * in the expansion of
(14 any’(1 - Byt ©

6 The first three terms in the expansion of (1 + 3 1" in ascending powers of x are
1+x+ % Find the values of n and p.
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7 Write down and simplify the expansion of (1 — p)®. Use this result to find the
expansion of (1 - x - x%)* in ascending powers of x as far as the term in ', Find the
value of x which would enable you to estimate (0.9899)° from this expansion.

©
8 Find which term is independent of x in the expansion of (x - )"
9 Obiain and simplify
() the first four terms in the expansion of (2 + ¢ in ascending powers of x,
(i) the coefficient of x* in the expansion of (1 — )2 + 1), ©

10 In the expansion of (1 -x)", the sum of the first three terms is # when a certain value
of xis substituted. Find this value of x.

11 Evaluate the coeffiients of x* and ' in the binomial expansion of (§ - 3. Hence
evaluate the coefficient of x* in the expansion of (5 — 3)'(x + 6). ©

12 If the first three terms in the expansion of (1 + kx)' in ascending powers of x are
1-6x+ 25, find the values of k and n.

13 Find, in ascending powers of x, the first three terms in the expansion of (1 + ax)".
Given that the first two non-zero terms in the expansion of (1 + bx)(1 + ax)® are 1 and
2% find the possible value of a and of b. ©

14 Find the ratio of the 6th term to the 8th term in the expansion of (2x + 3)!" when
x=

15 In the expansion of (1 + px)(1 + gx)* in ascending powers of x, the coefficient of the
X term is —5 and there is 1o ? term. Find the valuc of p and of g.

16 If the fifth term in the cxpansion of (x + L )" is independent of x find the value of 1.

B

17 In the expansion of (2 + 3, find which term will have the form 4 where A is an
integer. Hence find the value of A.

18 The first three terms in the expansion of (1 + x + ax2)" are 1 + 7x + 14x2. Find the
values of n and a.

19 (a) Obtain the expansions of (1 +x)° and (1 + x* in ascending powers of x.
() Show that (1 +x)(1 +x) = 1 +x+ 2+,
(c) Hence find the first four terms in the expansion of (1 +x + % + x°)in ascending

powers of x.
20 For what value of x is the fifth term of (1 + 2x)'° equal to the sixth term of (2 + x)*?
21 Show that () (x - ' =~ 3 =3(x- }) and

®) (=P =rt-F -5 —,y)+lo<x——
Hence show that x* — 35 = p* + 5p* + 5p where p=x— 1.
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