Calculus (5) :
e*and In x

The function & cannot be integrated by the usual rule. So if this function is to have an
integral it cannot be an algebraic one but some other type of function. The story of ts
discovery is beyond our work but we can start with the origin of an important number in
the story.

‘This comes from asking what happens to the value of (1 + 1)'as r — e i.c. what is the

value (if any) of lim (1+1)?
‘We shall not be able to prove what this limit is but the following set of values made

by a calculator will suggest an answer.
1

f (1+1
100 (LO1)™ = 2.7048

1000 (1.001)™ = 2.7169

10 000 (1.0001)°® = 2.71815
100 000 (1.00001)/0% = 2.71827
1000 000 (1.000001)! *°* = 2.71828
10 000 000 (1.0000001)°% % = 2.71828

As x increases, it appears that (1 + })’ tends to a value which is approximately 2.71828.
This is true and we denote this limit by the letter e. Like 7, ¢ is an irrational number.
Tts importance is that it is taken as the base of natural logarithms, i.e. log, x (written as.
Inx)

Ify =log x=Inx then & =x

Ify = e thenlny=x

Similar to other logarithms, In 1 =0, In¢ = 1 and if 0 < x < 1, In x is negative. If
x<0,In x is undefined.

So for example, if y = e**then In y = 2v + 3; if y = 2e™ then In y = In 2 + In ¢* =
In2+3x

We shall now see why such a strange number is chosen as a base for logarithms.
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g4 In x
dx
Take y = In x and let x have an increment &x. Consequently, y has an increment 5.
Then y + 8y = In(x + &) and 8y = In(x + &0)  In x = In( <+,
8 1 x+8) _
Hence g = g In(3%&) =

To make use of the above limit, write & =150 L =1,

o 1y Iy
Then 2 =mn(1+4)i=tm(i+1).
Now let & — 0. Consequently, 8y > 0, & — £, wand (1 +1) 5.

Using these, we have § = Llne="Lasine=log e=1.

‘This is a very important and simple result. It is the basis of the work in this chapter and
shows why e is taken as the base of natural logarithms.
Now using the rule for a composite function, we can differentiate In f(x).

d

a5 Infe0

Suppose y = In f(x).

Take u = f(x) and so y = In u.

O land ¥ =2 =0
EeExEixrw=18
d Loy
acanio =rEs
Example 1

Differentiate wrt x (a) Infax +b), (b) In(x* = 3x +1), (c) In sin 3x, (d) X* In x, (¢} X”'T"
(@) Here f(x)=ax+b.

a4 b =25 sl W= @b =a
®) & G -3+ D= 252 @ fm=2-3)
© & Insin3r= 2B _ 3055




Exercise 18.1 (Answers on page 643.)

1 Differentiate the following wrt x and simplify where possible:
@ In5x ®) Inx? © In(Gx-1)

(@ In(sin x) (©) InCx + tan ) ® In(cos 2x)

(8 In(cos? x) () In(sin §) @ In@e-4x-1)
@ WnVZ-5 ® () ® xinx

(m) B @) In(x cos x) © cos(ln x)

® Inxin3x @ @+ Din(x-1) @ (nxp

(5) In(cos 31) ® (-Dln2x @) In (x+sinx)

) In(x +3)2x-1) ) In(4)

2 Ify = In(x + 1)6x - 2), show that & = Z=1
31f 3= In(3x + 1)(2x - 1) find and simplify &
4 Given that y = In(252) , find & in its simplest form.

5 Fig. 18.2 shows parts of two siraigh lines obtained by plotting In y against x for two

different functions. Each has two points marked. Find for each function, (a) y in terms
of x, (b) the value of x when y = 1.

ny
(4.9)

0 @-1

Fig. 182

6 State how the functions (@) y = ¢ and (b) y = 3¢ can each be represented by a
straight line graph and give the equation of each line.

7 On graph paper, draw the graph of y = * for 0 < x < 2. By adding a suitable straight
line, find an approximate solution to the cquation e* + x = 5.

8 Given that % = %+ and that In(3x + 4y) = 2 In 5, form two simultaneous equations
and hence find the value of x and of y.
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9 Differentiate In(x - sin x). Hence find the gradient on the curve y = In(x - sin x) where
x=n
T-cosx*

10 Differentiate

Hence show that 3 In

11 Differentiate 152X~ . Hence show that 5 InS%5- = —sec x.
d

g o

dx

If y = e, then In y = x. Differentiating both sides wrt x, + §

Hence e

‘This result makes e* a unique function, It is the only function whose erivative is itself.

‘The gradient at a point on the curve y = ¢* equals the value of  at that point. (This was

suggested in Question 3 of Exercise 15.3).

I

dx

‘We can also differentiate composite functions of the type ¢1®.

Ify = ¢ and 1 = f(x), then y = e*.

g =c*and :—‘; =f(x).
dy _ d du

Hence & = & x &

() = Flae™.

& e = pxe

Example 4
Differentiate (a) €, (b) €%, (c) xe’®, wrt x.
(a) 2 =3enias 905=2D) -3

&

® & e 2oos 2y et
(© y=xeis a product.
L e 4 20

(1 - 2x)
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Example 5

Find the coordinates of the point of intersection of the curves y = & and y = € and
the gradient of each curve at that point.

At the point of intersection, €' = ¥ 50 2x - 1 =2 —x and x = 1. The coordinates of
the point are (1.¢).

Fory = e, % =2¢* =2c whenx= 1.

me=="‘,%=4"‘=-cwhcnx=l.

Exercise 18.2 (Answers on page 643.)

1 Differentiate wrt x:

@ e ®) e © e

@ e . () e=x ® xer

(8 x-4ei ®) e @) et

G esinx ® 5;‘ o 5

(m) x%e™ (M) er—e* (0) e*(cos x —sin x)
(®) Gx+2)e™ @ e*Inx @ ==

® =5 ®) e cos2x O

) wex W -

2 Find the coordinates of the point where the curves y = ¢ and y = ¢+ meet and the
gradient of each curve at that point.

3 Find the range of values of x for which (x — 3)e™ is increasing.

4 Ify=xe" find :;" and :{’,. Hence find the value of x for which y has a stationary point
and state the nature of that point.

S Given that y = x', find the values of x for which y is stationary.

6 1f y = ( - 3)e™, find the values of x where y s stationary and the nature of these
points.

7 1fy = cos x, find & and &2, Use these to find the values of x (0 < x < 2x) where
y has stationary points and state the nature of these points.
9 and 9 for y = i
8 Find § and £ for y = e¥cos x + sin x).

Hence find the values of x (0 < x < 21) where y is stationary and the nature of the
stationary points.

9 Given that y = e*sin x, prove that &3 2% + 2y =0.
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10 Find the gradient on the curve y = ¢ cos x where x = 0.
11 1f y = ", show that In y = x In 2 and hence find 5.
12 1 £ (88) = 19, find f().
1
ax+b

Integration of and e+

We can now find an answer for [ 1 dx.
We know that & Inx=1so [ L axr=lnx+c.

However we must be careful. If x < 0, In x is undefined. We can guard against this by
writing
Jlax=tn|x]+e

This is justified as shown in Fig. 18.3 which shows the two branches of the curve y =
y

1
L

Fig. 183

The area A = [+ v = [inx] 7 which is undefined.
By symmetry however, area A = area B [Inx]: = [ln |x JL”

Further, since & In(ax + b) =

@b
then Jass = imjasb|+c
As 2 s = ge,

3 ,
then Jemtdos Lot o

Note: These results only apply to the linear function ax + b.
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Example 6

Find (@) [ (3x=2r" v, (b) [ 725 (o) [ e

@ [gipde={m|3-2]+c

® [1 5% =[-3miz-a]]
=(=4mIs)-(-3misl)

=-ims+ims=4mi=o16

Such results however are usually left in terms of In.

© [ evar=[e]

= (et

)=+

Example 7

Find the area of the region enclosed by the curve y = £, the x-axis and the lines
x=1x=3

s
Ama:j‘}dx:[mi;ﬂ:=ln3-1n1=|n3umxsz

Example 8
The part of the curve y = 5= between x = -3 and x = -1 is rotated abou the x-axis
through 360°. Find the volume of the solid created.

- .
Volume = [ myt dr=n [ 51 dx

=1([—ln|2—x|]1 =n-n|3)-n-1n|5))=nln} units’
Example 9

The region enclosed by the curves y = ¢ and y = ¢ and the lines x = 1, x = 2, is
rotated about the x-axis through 360°. Find, in terms of e. the volume of the solid
formed.

Volume = ] 12 - (€] dx
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. :
=nf @ -enar=nfier- o]

9) = 5t -3t 426

= B (6~ 3% +2) units?

Exercise 18.3 (Answers on page 643.)

1 Find
@ Jeva ® forax © ferdx
YR~ © | 7% ® [@-01
@ [ ® [(er+ Ffax @ [erax
0 Jera ® [ 0[5
2 Evaluate the following, giving the result in terms of e
@ [levar o [ ear © [levrax
© [ ear CEEY o [ eva
@[ et ® [ erax
3 Express the following in terms of In:
@[ o [l © [ 32
@, e-oa © J" -5 o [} %l
@fc-va o % o [ %
4 Show thar 715 - by = 25 Hence evaluate f] 725

§ Show that 717 - 715 = =25 and hence evaluate [} S
6 P is a function of £ such that % = e and P = 3 when £ = 0. Find P i terms of #.
7 Calculate the area of the region enclosed by the curves y = e* and y = ¢ and the line

8 Fina | €31
1
9 The partof the curve y = 75 between.x= 1 and x = 3 s rolated about the x-axis
through 360°. Find the volume formed.
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10 (@)
®)
11 @
®)
©

12 (a)
®)

The gradient of a curve is given by 5% = ¢ and it passes through the point
(0. 1). Find the equation of the curve.

Find the area of the region enclosed by the curve, the x-axis and the lines x = 0
andx=1.

Sketch the curves y = e and y = In x.

Differentiate x In x — x wrt x and hence find [ In x dx.

Hence find the area of the region enclosed by these curves, the x-axis, the y-axis
and the line x = 2.

Find the equation of the tangent to the curve y = In x at the point where x = 1 .
Find the area between this tangent, the curve and the line x = 2. (Use the result
of Question 11(b).)

SUMMARY

Inx=logx;e

Ify=lnxx=e

Emx=1 dose
Lt d ) = fix)
2 =52 & e poer
J& =mixl+e J & < Linjareb|+c

Jea=ese Jemrar=

Notes [ (ax + by dv= @b

an+ 1)

+ ¢ for all values of n except n = -1

REVISION EXERCISE 18 (Answers on page 643.)

A
1 Evaluate
3 . S
@ [ eac o[ &5 © [ e Fa
@ [ evdr ks a constany © [ erar o [ &

® f &

2 Find the gradient of the curve y = In(x + sin 2x) where x = 3.

3 Sketch the curve y

2 for x>0 and find the area of the region enclosed by the curve,

the y-axis, the x-axis and the line x = 1.
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